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Nucleon . . . 2 Key Hadrons
= Proton and Neutron

Fermions – two static properties:

proton electric charge = +1; and magnetic moment, µp

Magnetic Moment discovered by Otto Stern and

collaborators in 1933; Awarded Nobel Prize in 1943

Dirac (1928) – pointlike fermion: µp =
e~

2M

Stern (1933) – µp = (1 + 1.79)
e~

2M

Big Hint that Proton is not a point particle

Proton has constituents

These are Quarks and Gluons

Quark discovery via e− p-scattering at SLAC in 1968

– the elementary quanta of Quantum Chromo-dynamics
Craig Roberts: Quarks, Hadrons, and the Constants of Nature: I

Seminar: UNSW, Wed. 12/Nov/08. . . 40 – p. 2/41



First Contents Back Conclusion

Study Structure via
Nucleon Form Factors

Craig Roberts: Quarks, Hadrons, and the Constants of Nature: I

Seminar: UNSW, Wed. 12/Nov/08. . . 40 – p. 3/41



First Contents Back Conclusion

Study Structure via
Nucleon Form Factors

Electron’s relativistic electromagnetic current:

jµ(P ′, P ) = ie ūe(P
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′) Λµ(Q,P ) ue(P ) , Q = P ′ − P

= ie ūe(P
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Nucleon’s relativistic electromagnetic current:

Jµ(P ′, P ) = ie ūp(P
′) Λµ(Q,P ) up(P ) , Q = P ′ − P

= ie ūp(P
′)

(

γµF1(Q
2) +

1

2M
σµν Qν F2(Q

2)

)
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2)−
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4M2
F2(Q

2) , GM (Q2) = F1(Q
2)+F2(Q

2) .

Craig Roberts: Quarks, Hadrons, and the Constants of Nature: I

Seminar: UNSW, Wed. 12/Nov/08. . . 40 – p. 3/41



First Contents Back Conclusion

Study Structure via
Nucleon Form Factors

Electron’s relativistic electromagnetic current:

jµ(P ′, P ) = ie ūe(P
′) Λµ(Q,P ) ue(P ) , Q = P ′ − P

= ie ūe(P
′) γµ(−1) ue(P )

Nucleon’s relativistic electromagnetic current:

Jµ(P ′, P ) = ie ūp(P
′) Λµ(Q,P ) up(P ) , Q = P ′ − P

= ie ūp(P
′)

(

γµF1(Q
2) +

1

2M
σµν Qν F2(Q

2)

)

up(P )

GE(Q2) = F1(Q
2)−

Q2

4M2
F2(Q

2) , GM (Q2) = F1(Q
2)+F2(Q

2) .

Point-particle: F2 ≡ 0 ⇒ GE ≡ GM
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Universe. Higgs mechanism is irrelevant to light-quarks.

Running of quark mass entails that calculations at even

modest Q2 require a Poincaré-covariant approach. Covariance
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hadron’s rest-frame wave function.
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Universal Truths

Spectrum of excited states and transition form factors

provide unique information about long-range interaction

between light-quarks and distribution of hadron’s

characterising properties amongst its QCD constituents.

Dynamical Chiral Symmetry Breaking (DCSB) is most

important mass generating mechanism for visible matter in the

Universe. Higgs mechanism is irrelevant to light-quarks.

Challenge: understand relationship between parton properties

on the light-front and rest frame structure of hadrons. Problem

because, e.g., DCSB - an established keystone of low-energy

QCD and the origin of constituent-quark masses - has not

been realised in the light-front formulation.
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QCD’s Challenges
Understand Emergent Phenomena

Quark and Gluon Confinement

No matter how hard one strikes the proton, one

cannot liberate an individual quark or gluon

Dynamical Chiral Symmetry Breaking

Very unnatural pattern of bound state masses

e.g., Lagrangian (pQCD) quark mass is small but . . .

no degeneracy between JP=+ and JP=−

Neither of these phenomena is apparent in QCD’s

Lagrangian yet they are the dominant determining

characteristics of real-world QCD.

QCD – Complex behaviour

arises from apparently simple rules
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Dichotomy of Pion
– Goldstone Mode and Bound state

How does one make an almost massless particle
. . . . . . . . . . . from two massive constituent-quarks?

Not Allowed to do it by fine-tuning a potential

Must exhibit m2

π ∝ mq

Current Algebra . . . 1968

The correct understanding of pion observables;
e.g. mass, decay constant and form factors,
requires an approach to contain a

well-defined and valid chiral limit;

and an accurate realisation of
dynamical chiral symmetry breaking.

Highly Nontrivial
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Relativistic QFT!

Minimal requirements

detailed understanding of connection between

Current-quark and Constituent-quark masses;

and systematic, symmetry preserving means of realising

this connection in bound-states.

Differences!

Here relativistic effects are crucial – virtual particles,

quintessence of Relativistic Quantum Field Theory –

must be included

Interaction between quarks – the Interquark “Potential” –

unknown throughout > 98% of a hadron’s volume
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Intranucleon Interaction?
What is the

98% of the volume

The question must be
rigorously defined, and the
answer mapped out using
experiment and theory.
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Predictions confirmed in
numerical simulations of lattice-QCD

Craig Roberts: Quarks, Hadrons, and the Constants of Nature: I

Seminar: UNSW, Wed. 12/Nov/08. . . 40 – p. 9/41



First Contents Back Conclusion

Frontiers of Nuclear Science:
A Long Range Plan (2007)

Craig Roberts: Quarks, Hadrons, and the Constants of Nature: I

Seminar: UNSW, Wed. 12/Nov/08. . . 40 – p. 10/41



First Contents Back Conclusion

Frontiers of Nuclear Science:
Theoretical Advances

Σ
=

D

γ
ΓS

Gap Equation

Craig Roberts: Quarks, Hadrons, and the Constants of Nature: I

Seminar: UNSW, Wed. 12/Nov/08. . . 40 – p. 10/41



First Contents Back Conclusion

Frontiers of Nuclear Science:
Theoretical Advances

Σ
=

D

γ
ΓS

Gap Equation

0 1 2 3

p [GeV]

0

0.1

0.2

0.3

0.4

M
(p

) 
[G

eV
] m = 0 (Chiral limit)

m = 30 MeV
m = 70 MeV

effect of gluon cloud
Rapid acquisition of mass is

Craig Roberts: Quarks, Hadrons, and the Constants of Nature: I

Seminar: UNSW, Wed. 12/Nov/08. . . 40 – p. 10/41



First Contents Back Conclusion

Frontiers of Nuclear Science:
Theoretical Advances

0 1 2 3

p [GeV]

0

0.1

0.2

0.3

0.4

M
(p

) 
[G

eV
] m = 0 (Chiral limit)

m = 30 MeV
m = 70 MeV

effect of gluon cloud
Rapid acquisition of mass is

Mass from nothing .

In QCD a quark’s effective mass
depends on its momentum. The
function describing this can be
calculated and is depicted here.
Numerical simulations of lattice
QCD (data, at two different bare
masses) have confirmed model
predictions (solid curves) that the
vast bulk of the constituent mass
of a light quark comes from a
cloud of gluons that are dragged
along by the quark as it
propagates. In this way, a quark
that appears to be absolutely
massless at high energies
(m = 0, red curve) acquires a
large constituent mass at low
energies.
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• Without bound states, Comparison with
experiment is impossible

• They appear as pole contributions to n ≥ 3-point
colour-singlet Schwinger functions

Craig Roberts: Quarks, Hadrons, and the Constants of Nature: I

Seminar: UNSW, Wed. 12/Nov/08. . . 40 – p. 11/41



First Contents Back Conclusion

Hadrons

• Without bound states, Comparison with
experiment is impossible

• Bethe-Salpeter Equation

QFT Generalisation of Lippmann-Schwinger Equation.

Craig Roberts: Quarks, Hadrons, and the Constants of Nature: I

Seminar: UNSW, Wed. 12/Nov/08. . . 40 – p. 11/41



First Contents Back Conclusion

Hadrons

• Without bound states, Comparison with
experiment is impossible

• Bethe-Salpeter Equation

QFT Generalisation of Lippmann-Schwinger Equation.

• What is the kernel, K?

or
Craig Roberts: Quarks, Hadrons, and the Constants of Nature: I

Seminar: UNSW, Wed. 12/Nov/08. . . 40 – p. 11/41



First Contents Back Conclusion

Confinement

Craig Roberts: Quarks, Hadrons, and the Constants of Nature: I

Seminar: UNSW, Wed. 12/Nov/08. . . 40 – p. 12/41



First Contents Back Conclusion

Confinement

Infinitely Heavy Quarks . . . Picture in Quantum Mechanics

integration of the force-3 loops

bosonic string

V (r) = σ r − π

12

1

r

σ ∼ 470 MeV

Necco & Sommer

he-la/0108008
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Confinement

Illustrate this in terms of the action density . . . analogous to

plotting the Force = FQ̄Q(r) = σ +
π

12

1

r2

Bali, et al.

he-la/0512018
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Bali, et al.

he-la/0512018

“The breaking of the string appears to be an instantaneous

process, with de-localized light quark pair creation.”

Therefore . . . No

information on potential

between light-quarks.
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What is the light-quark
Long-Range Potential?

Potential between static (infinitely heavy) quarks
measured in simulations of lattice-QCD is not related
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Pµ Γl
5µ(k;P ) = S−1(k+)

1

2
λl

f iγ5 +
1

2
λl

f iγ5 S−1(k−)

−Mζ iΓl
5(k;P ) − iΓl

5(k;P ) Mζ

QFT Statement of Chiral Symmetry
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Axial-vector Ward-Takahashi identity

Pµ Γl
5µ(k;P ) = S−1(k+)

1

2
λl

f iγ5 +
1

2
λl

f iγ5 S−1(k−)

−Mζ iΓl
5(k;P ) − iΓl

5(k;P ) Mζ

Satisfies BSE Satisfies DSE
Kernels very different
but must be intimately related

• Relation must be preserved by truncation
• Failure ⇒ Explicit Violation of QCD’s Chiral Symmetry
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Infinitely Many Coupled Equations

Σ
=

D

γ
ΓS

Coupling between equations necessitates truncation

Weak coupling expansion ⇒ Perturbation Theory
Not useful for the nonperturbative problems
in which we’re interested
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Infinitely Many Coupled Equations

There is at least one systematic nonperturbative,
symmetry-preserving truncation scheme
H.J. Munczek Phys. Rev. D 52 (1995) 4736
Dynamical chiral symmetry breaking, Goldstone’s
theorem and the consistency of the Schwinger-Dyson
and Bethe-Salpeter Equations
A. Bender, C. D. Roberts and L. von Smekal, Phys.
Lett. B 380 (1996) 7
Goldstone Theorem and Diquark Confinement Beyond
Rainbow Ladder Approximation
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Infinitely Many Coupled Equations

There is at least one systematic nonperturbative,
symmetry-preserving truncation scheme

Has Enabled Proof of EXACT Results in QCD

And Formulation of Practical Phenomenological Tool to

Illustrate Exact Results

Make Predictions with Readily Quantifiable Errors
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Radial Excitations
& Chiral Symmetry(Maris, Roberts, Tandy

nu-th/9707003 )

fH m2
H = − ρH

ζ MH

MH := trflavour

[

M (µ)

{

TH ,
(

TH
)t

}]

= mq1+mq2

• Sum of constituents’ current-quark masses

• e.g., TK+

= 1
2

(

λ4 + iλ5
)
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fH m2
H = − ρH

ζ MH

fH pµ = Z2

∫ Λ

q

1
2tr

{

(

TH
)t

γ5γµ S(q+)ΓH(q;P )S(q−)
}

• Pseudovector projection of BS wave function at x = 0

• Pseudoscalar meson’s leptonic decay constant

i

i

i

i
Aµπ kµ

πf

k

Γ

S

(τ/2)γµ γ

S

5
55

=
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fH m2
H = − ρH
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iρH
ζ = Z4

∫ Λ

q

1
2tr

{

(

TH
)t

γ5 S(q+)ΓH(q;P )S(q−)
}

• Pseudoscalar projection of BS wave function at x = 0

i

i

i

i
P π   

πρ

k

Γ

S

(τ/2)  γ

S

5
55

=
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fH m2
H = − ρH
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Light-quarks; i.e., mq ∼ 0

fH → f0
H & ρH

ζ →
−〈q̄q〉0ζ

f0
H

, Independent of mq

Hence m2
H =

−〈q̄q〉0ζ
(f0

H)2
mq . . . GMOR relation, a corollary
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Light-quarks; i.e., mq ∼ 0

fH → f0
H & ρH

ζ →
−〈q̄q〉0ζ

f0
H

, Independent of mq

Hence m2
H =

−〈q̄q〉0ζ
(f0

H)2
mq . . . GMOR relation, a corollary

Heavy-quark + light-quark

⇒ fH ∝ 1
√

mH

and ρH
ζ ∝ √

mH

Hence, mH ∝ mq

. . . QCD Proof of Potential Model result
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fH m2
H = − ρH

ζ MH

Valid for ALL Pseudoscalar mesons

ρH ⇒ finite, nonzero value in chiral limit, MH → 0

“radial” excitation of π-meson, not the ground state, so

m2
πn 6=0

> m2
πn=0

= 0, in chiral limit

⇒ fH = 0

ALL pseudoscalar mesons except π(140) in chiral limit

Dynamical Chiral Symmetry Breaking

– Goldstone’s Theorem –

impacts upon every pseudoscalar meson
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When we first heard about [this result] our first reaction was a
combination of “that is remarkable” and “unbelievable”.

CLEO: τ → π(1300) + ντ

⇒ fπ1
< 8.4 MeV

Diehl & Hiller
he-ph/0105194

Lattice-QCD check:
163 × 32,
a ∼ 0.1 fm,
two-flavour, unquenched

⇒ fπ1

fπ

= 0.078 (93)
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combination of “that is remarkable” and “unbelievable”.

CLEO: τ → π(1300) + ντ

⇒ fπ1
< 8.4 MeV

Diehl & Hiller
he-ph/0105194

Lattice-QCD check:
163 × 32,
a ∼ 0.1 fm,
two-flavour, unquenched

⇒ fπ1

fπ

= 0.078 (93)

Full ALPHA formulation is required to see suppression, because
PCAC relation is at the heart of the conditions imposed for
improvement (determining coefficients of irrelevant operators)Craig Roberts: Quarks, Hadrons, and the Constants of Nature: I
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When we first heard about [this result] our first reaction was a
combination of “that is remarkable” and “unbelievable”.

CLEO: τ → π(1300) + ντ

⇒ fπ1
< 8.4 MeV

Diehl & Hiller
he-ph/0105194

Lattice-QCD check:
163 × 32,
a ∼ 0.1 fm,
two-flavour, unquenched

⇒ fπ1

fπ

= 0.078 (93)

The suppression of fπ1
is a useful benchmark that can be used to

tune and validate lattice QCD techniques that try to determine the
properties of excited states mesons.Craig Roberts: Quarks, Hadrons, and the Constants of Nature: I
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Answer for the pion

Two → Infinitely many . . .
Handle that
properly in
quantum
field theory
. . .
momentum
-dependent
dressing
. . .
perceived
distribution of
mass depends
on the resolving scale
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Explicit Chiral Symmetry Breaking

Chiral symmetry is explicitly broken in QCD by the current-quark
mass term, which for the u- and d-quark sector is expressed in the
action as

∫

d4z Q̄(z)MQ(z) =

∫

d4z (ū(z) d̄(z))





mu 0

0 md









u(z)

d(z)





=

∫

d4z
{

m̄ Q̄(z)τ0Q(z) + Q̄(z)m̌τ3Q(z)
}

,

where: (τ0)ij = δij and {τk; k = 1, 2, 3} are Pauli matrices; and
m̄ = (mu + md)/2 and m̌ = (mu − md)/2.
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mass term, which for the u- and d-quark sector is expressed in the
action as

∫

d4z Q̄(z)MQ(z) =

∫

d4z (ū(z) d̄(z))





mu 0

0 md









u(z)

d(z)





=

∫

d4z
{

m̄ Q̄(z)τ0Q(z) + Q̄(z)m̌τ3Q(z)
}

,

where: (τ0)ij = δij and {τk; k = 1, 2, 3} are Pauli matrices; and
m̄ = (mu + md)/2 and m̌ = (mu − md)/2.

Empirical success with the application of chiral effective theories
to low-energy phenomena in QCD indicates that this term can
often be treated as a perturbation.
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Dynamical Chiral Symmetry Breaking

Success of Chiral Effective Theory owes fundamentally to the
phenomenon of dynamical chiral symmetry breaking (DCSB) in
QCD

The feature that the dressed-quark Schwinger function is
nonperturbatively modified at infrared momenta: p . 1 GeV.

This is a longstanding prediction of Dyson-Schwinger equation
(DSE) studies.

K. D. Lane, “Asymptotic Freedom And Goldstone Realization
Of Chiral Symmetry,” Phys. Rev. D 10, 2605 (1974).

H. D. Politzer, “Effective Quark Masses In The Chiral Limit,”
Nucl. Phys. B 117, 397 (1976).

C. D. Roberts and A. G. Williams, “Dyson-Schwinger
equations and their application to hadronic physics,” Prog.
Part. Nucl. Phys. 33, 477 (1994).

Craig Roberts: Quarks, Hadrons, and the Constants of Nature: I

Seminar: UNSW, Wed. 12/Nov/08. . . 40 – p. 22/41



First Contents Back Conclusion

Sigma TermHöll, et al., nu-th/0510075

Craig Roberts: Quarks, Hadrons, and the Constants of Nature: I

Seminar: UNSW, Wed. 12/Nov/08. . . 40 – p. 23/41



First Contents Back Conclusion

Sigma TermHöll, et al., nu-th/0510075

σ-term for hadron, H, obtained from the isoscalar matrix element

〈H(x)|m̄ Jσ(z)|H(y)〉 , Jσ(z) = Q̄(z)τ0Q(z) ,

Craig Roberts: Quarks, Hadrons, and the Constants of Nature: I

Seminar: UNSW, Wed. 12/Nov/08. . . 40 – p. 23/41



First Contents Back Conclusion

Sigma TermHöll, et al., nu-th/0510075

σ-term for hadron, H, obtained from the isoscalar matrix element
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Simple counting of field dimensions ⇒

Mesons, amputated matrix element has mass-dimension two,

Fermions, it has mass-dimension one.
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Simple counting of field dimensions ⇒

Mesons, amputated matrix element has mass-dimension two,

Fermions, it has mass-dimension one.

For all hadrons the σ-term vanishes in the chiral limit.

Therefore . . . keen probe of the impact of explicit chiral
symmetry breaking on a hadron, in particular, on a hadron’s
mass.
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Sigma TermHöll, et al., nu-th/0510075

σ-term for hadron, H, obtained from the isoscalar matrix element

〈H(x)|m̄ Jσ(z)|H(y)〉 , Jσ(z) = Q̄(z)τ0Q(z) ,

Simple counting of field dimensions ⇒

Mesons, amputated matrix element has mass-dimension two,

Fermions, it has mass-dimension one.

For all hadrons the σ-term vanishes in the chiral limit.

Therefore . . . keen probe of the impact of explicit chiral
symmetry breaking on a hadron, in particular, on a hadron’s
mass.

Important for numerous reasons, some of longstanding.
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Therefore, if size of extra dimensions changes, or scalar fields
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Fundamental “Constants”

It is a feature anticipated of models for the unification of all
interactions that the so-called fundamental “constants” actually
exhibit spatial and temporal variation. For example

In theories extra dimensions, the “constants” will depend on
the size of the extra dimensions, and some new scalar fields
introduced in the theory

E.g., dilaton in superstring theory.

Therefore, if size of extra dimensions changes, or scalar fields
are x-dependent, then “constants” will also change.

In such theories there is no reason why the size of the extra
dimensions and the new scalar fields should be constants
. . . Indeed, it might be hard to explain, if they were!

Hence, nature’s “constants” may vary.
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Fundamental “Constants”

It is a feature anticipated of models for the unification of all
interactions that the so-called fundamental “constants” actually
exhibit spatial and temporal variation.

Consequently, there is an expanding search for this variation via
laboratory, astronomical and geochemical measurements.
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It is a feature anticipated of models for the unification of all
interactions that the so-called fundamental “constants” actually
exhibit spatial and temporal variation.

Consequently, there is an expanding search for this variation via
laboratory, astronomical and geochemical measurements.

Interpretation of some of these measurements requires
calculations of the current-quark mass dependence of the
parameters characterising nuclear systems.
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Fundamental “Constants”

It is a feature anticipated of models for the unification of all
interactions that the so-called fundamental “constants” actually
exhibit spatial and temporal variation.

Consequently, there is an expanding search for this variation via
laboratory, astronomical and geochemical measurements.

Interpretation of some of these measurements requires
calculations of the current-quark mass dependence of the
parameters characterising nuclear systems.

NB. Higher dimensional theories do not necessarily require
varying “constants”, but they provide a framework for describing
the variations, if they exist.
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Useful illustrative example . . . σ-term for π . . . begin with scalar
form factor:

sπ(Q2) = 〈π(P ′)|m̄ Jσ(Q)|π(P )〉 , Qµ = (P ′ − P )µ .
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Pion Sigma Term

Useful illustrative example . . . σ-term for π . . . begin with scalar
form factor:

sπ(Q2) = 〈π(P ′)|m̄ Jσ(Q)|π(P )〉 , Qµ = (P ′ − P )µ .

In rainbow-ladder truncation of QCD’s Dyson-Schwinger Equation:
(ℓα,β = ℓ + αP + βQ)

sπ(Q2) = trCDF

∫

d4ℓ

(2π)4
S(ℓ

−1, 1

2

) m̄ Γτ0(ℓ−1,0; Q)S(ℓ
−1,− 1

2

)

×Γπ(ℓ
−

1

2
,0; P

′)S(ℓ
0, 1

2

) Γπ(ℓ
−

1

2
, 1

2

; P )
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Pion Sigma Term

Useful illustrative example . . . σ-term for π . . . begin with scalar
form factor:

sπ(Q2) = 〈π(P ′)|m̄ Jσ(Q)|π(P )〉 , Qµ = (P ′ − P )µ .

In rainbow-ladder truncation of QCD’s Dyson-Schwinger Equation:
(ℓα,β = ℓ + αP + βQ)

sπ(Q2) = trCDF

∫

d4ℓ

(2π)4
S(ℓ

−1, 1

2

) m̄ Γτ0(ℓ−1,0; Q)S(ℓ
−1,− 1

2

)

×Γπ(ℓ
−

1

2
,0; P

′)S(ℓ
0, 1

2

) Γπ(ℓ
−

1

2
, 1

2

; P )

rainbow-ladder . . . first term in a nonperturbative, systematic and
symmetry preserving truncation scheme ⇒ triangle diagram

S(ℓ) . . . two-flavour dressed-quark propagator

Γπ(ℓ; P ) . . . pion’s Bethe-Salpeter amplitude

Γτ0(ℓ; Q) . . . two-flavour inhomogeneous isoscalar scalar
vertex
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Return to Pion Sigma Term

The pion’s σ-term is defined by

2 mπ σπ := sπ(Q2 = 0)

= trCDF

∫

d4ℓ

(2π)4
S(ℓ−1,0) m̄ Γτ0(ℓ−1,0; 0)S(ℓ−1,0)

×Γπ(ℓ
−

1

2
,0;−P )S(ℓ) Γπ(ℓ

−
1

2
,0; P )
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Return to Pion Sigma Term

The pion’s σ-term is defined by

2 mπ σπ := sπ(Q2 = 0)

= trCDF

∫

d4ℓ

(2π)4
S(ℓ−1,0) m̄ Γτ0(ℓ−1,0; 0)S(ℓ−1,0)

×Γπ(ℓ
−

1

2
,0;−P )S(ℓ) Γπ(ℓ

−
1

2
,0; P )

Symmetry preserving truncation

⇒ ∂

∂m̄(ζ)
S(k) = − S(k) Γτ0(k; 0) S(k)
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Return to Pion Sigma Term

The pion’s σ-term is defined by

2 mπ σπ := sπ(Q2 = 0)

= trCDF

∫

d4ℓ

(2π)4
S(ℓ−1,0) m̄ Γτ0(ℓ−1,0; 0)S(ℓ−1,0)

×Γπ(ℓ
−

1

2
,0;−P )S(ℓ) Γπ(ℓ

−
1

2
,0; P )

Symmetry preserving truncation

⇒ ∂

∂m̄(ζ)
S(k) = − S(k) Γτ0(k; 0) S(k)

Hence

2 mπ σπ = − m̄(ζ) trCDF

∫

d4ℓ

(2π)4
∂S(ℓ−1,0)

∂m̄(ζ)
Γπ(ℓ

−
1

2
,0;−P )S(ℓ) Γπ(ℓ

−
1

2
,0; P )
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The pion’s σ-term is defined by

2 mπ σπ := sπ(Q2 = 0)

= trCDF

∫

d4ℓ

(2π)4
S(ℓ−1,0) m̄ Γτ0(ℓ−1,0; 0)S(ℓ−1,0)

×Γπ(ℓ
−

1

2
,0;−P )S(ℓ) Γπ(ℓ

−
1

2
,0; P )

Canonical normalisation condition for Bethe-Salpeter amplitude

2Pµ = trCDF

∫ Λ

q

Γπ(q;−P )
∂

∂Pµ

S(q + Q/2)Γπ(q; P )S(q − Q/2) + sym

Hence

2 mπ σπ = − m̄(ζ) trCDF

∫

d4ℓ

(2π)4
∂S(ℓ−1,0)

∂m̄(ζ)
Γπ(ℓ

−
1

2
,0;−P )S(ℓ) Γπ(ℓ

−
1

2
,0; P )

=− m̄(ζ)
∂Pµ

∂m̄(ζ)
trCDF

∫

d4ℓ

(2π)4
∂S(ℓ−1,0)

∂Pµ

Γπ(ℓ
−

1

2
,0;−P )S(ℓ) Γπ(ℓ

−
1

2
,0; P )
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The pion’s σ-term is defined by

2 mπ σπ := sπ(Q2 = 0)

= trCDF

∫
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(2π)4
S(ℓ−1,0) m̄ Γτ0(ℓ−1,0; 0)S(ℓ−1,0)
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−
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,0;−P )S(ℓ) Γπ(ℓ

−
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Canonical normalisation condition for Bethe-Salpeter amplitude

2Pµ = trCDF

∫ Λ

q

Γπ(q;−P )
∂

∂Pµ

S(q + Q/2)Γπ(q; P )S(q − Q/2) + sym

Hence

2 mπ σπ = − m̄(ζ) trCDF

∫

d4ℓ

(2π)4
∂S(ℓ−1,0)

∂m̄(ζ)
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−
1
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−
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The pion’s σ-term is defined by

2 mπ σπ := sπ(Q2 = 0)

= trCDF

∫

d4ℓ

(2π)4
S(ℓ−1,0) m̄ Γτ0(ℓ−1,0; 0)S(ℓ−1,0)

×Γπ(ℓ
−

1

2
,0;−P )S(ℓ) Γπ(ℓ

−
1

2
,0; P )

Canonical normalisation condition for Bethe-Salpeter amplitude

2Pµ = trCDF

∫ Λ

q

Γπ(q;−P )
∂

∂Pµ

S(q + Q/2)Γπ(q; P )S(q − Q/2) + sym

Hence

2 mπ σπ = − m̄(ζ) trCDF

∫

d4ℓ

(2π)4
∂S(ℓ−1,0)

∂m̄(ζ)
Γπ(ℓ

−
1

2
,0;−P )S(ℓ) Γπ(ℓ

−
1

2
,0; P )

= − m̄(ζ)
∂P 2

∂m̄(ζ)
= m̄(ζ)

∂m2

π

∂m̄(ζ)
⇒ σπ = m̄(ζ)

∂mπ

∂m̄(ζ)
Craig Roberts: Quarks, Hadrons, and the Constants of Nature: I

Seminar: UNSW, Wed. 12/Nov/08. . . 40 – p. 26/41



First Contents Back Conclusion

Feynman-Hellmann Theorem

Craig Roberts: Quarks, Hadrons, and the Constants of Nature: I

Seminar: UNSW, Wed. 12/Nov/08. . . 40 – p. 27/41



First Contents Back Conclusion

Feynman-Hellmann Theorem

In deriving σπ = m̄(ζ)
∂mπ

∂m̄(ζ)
, I have depended heavily upon

the fact that the rainbow-ladder expression is the leading term in a
systematic, nonperturbative and symmetry preserving truncation.
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Concrete illustration of a general result that may be viewed as a
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Feynman-Hellmann Theorem

In deriving σπ = m̄(ζ)
∂mπ

∂m̄(ζ)
, I have depended heavily upon

the fact that the rainbow-ladder expression is the leading term in a
systematic, nonperturbative and symmetry preserving truncation.

Concrete illustration of a general result that may be viewed as a
consequence of the Feynman-Hellmann theorem.

Present case: theorem states that response of an eigenvalue
of the QCD mass2-operator to a change in a parameter in that
operator is given by expectation value of the derivative of the
mass2-operator operator with respect to the parameter.

∂EM2

∂λ
=

〈

∂M2

∂λ

〉
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Feynman-Hellmann Theorem

In deriving σπ = m̄(ζ)
∂mπ

∂m̄(ζ)
, I have depended heavily upon

the fact that the rainbow-ladder expression is the leading term in a
systematic, nonperturbative and symmetry preserving truncation.

Concrete illustration of a general result that may be viewed as a
consequence of the Feynman-Hellmann theorem.

∂EM2

∂λ
=

〈

∂M2

∂λ

〉

Derived by Feynman, when 21, in his final year as an
undergraduate. Has played an important role in theoretical
chemistry and condensed matter physics.
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Feynman-Hellmann Theorem

In deriving σπ = m̄(ζ)
∂mπ

∂m̄(ζ)
, I have depended heavily upon

the fact that the rainbow-ladder expression is the leading term in a
systematic, nonperturbative and symmetry preserving truncation.

Concrete illustration of a general result that may be viewed as a
consequence of the Feynman-Hellmann theorem.

∂EM2

∂λ
=

〈

∂M2

∂λ

〉

The result is valid in this form for all mesons; i.e.,

2 mMσM := sM(0) = m̄(ζ)
∂m2

M

∂m̄(ζ)
⇒ σM = m̄(ζ)

∂mM

∂m̄(ζ)

NB. The σ-term is a renormalisation point invariant, in general and
also in the explicit calculation, so long as a RGI rainbow-ladder
truncation is used. Craig Roberts: Quarks, Hadrons, and the Constants of Nature: I
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Pion Sigma Term: Algebraic

Pion’s mass is expressed precisely via

m2

π = − 2 m̄(ζ)
ρπ(ζ)

fπ

Neighbourhood of chiral limit

ρπ(ζ)
m∼0
= −

〈q̄q〉0ζ
f0

π

Hence

2 mπ σπ
m̄∼0
= −2 m̄(ζ)

〈q̄q〉0ζ
(f0

π)2
⇒ σπ

m̄∼0
=

1

2
mπ

Model-independent result.

Essential consequence of DCSB.
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Typical, calculated chiral limit values of:

f0

π = 0.088 GeV

〈q̄q〉0ζ=1 GeV
= (− 0.241 GeV)3

and current-quark mass m(ζ = 1 GeV) = 0.0055 GeV

Then mπ = 141 MeV

σπ = 0.95
√

m(ζ = 1 GeV) = 71 MeV

On the other hand, the value obtained from direct calculation in
rainbow-ladder truncation ( triangle diagram )

σRL
π = 69 MeV.

Same value is obtained in one-loop chiral perturbation theory
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New Challenges

Another Direction . . . Also want/need information about

three-quark systems

With this problem . . . most wide-ranging studies employ

expertise familiar from meson applications circa ∼1995.

Namely . . . Model-building and Phenomenology,

constrained by the DSE results outlined already.
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Three-body Problem?

What is the picture in quantum field theory?

Three →
infinitely
many!
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Unifying Study
of Mesons and Baryons

How does one incorporate dressed-quark mass function,

M(p2), in study of baryons? Behaviour of M(p2) is es-

sentially a quantum field theoretical effect.

In quantum field theory a nucleon appears as a pole in a six-

point quark Green function.

Residue is proportional to nucleon’s Faddeev amplitude

Poincaré covariant Faddeev equation sums all possible

exchanges and interactions that can take place between

three dressed-quarks

Tractable equation is founded on observation that an

interaction which describes colour-singlet mesons also

generates quark-quark (diquark) correlations in the

colour-3̄ (antitriplet) channel
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Faddeev equation

=
aΨ

P

p
q

p
d Γb

Γ−a

p
d

p
q

bΨ
P

q
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Faddeev equation

=
aΨ

P

p
q

p
d Γb

Γ−a

p
d

p
q

bΨ
P

q

Linear, Homogeneous Matrix equation

Yields wave function (Poincaré Covariant Faddeev

Amplitude) that describes quark-diquark relative motion

within the nucleon

Scalar and Axial-Vector Diquarks . . . In Nucleon’s Rest

Frame Amplitude has . . . s−, p− & d−wave correlations
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Diquark correlations

QUARK-QUARK

Same interaction that

describes mesons also

generates three coloured

quark-quark correlations:

blue–red, blue–green,

green–red

Confined . . . Does not

escape from within baryon.

Scalar is isosinglet,

Axial-vector is isotriplet

DSE and lattice-QCD

m[ud]
0+

= 0.74 − 0.82

m(uu)
1+

= m(ud)
1+

= m(dd)
1+

= 0.95 − 1.02
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M. Oettel, M. Pichowsky
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constructed systematically . . . current conserved automatically
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M. Oettel, M. Pichowsky
and L. von Smekal, nu-th/9909082

6 terms . . .
constructed systematically . . . current conserved automatically

for on-shell nucleons described by Faddeev Amplitude
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– chosen to give
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– allow for pseudoscalar meson
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– chosen to give
MN = 1.18, M∆ = 1.33

– allow for pseudoscalar meson
contributions

Sensitivity to details of the
current – expressed through
diquark radius

On Q2

∼
< 4 GeV2 result lies below experiment. This can be attributed to omission

of pseudoscalar-meson-cloud contributions
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DCSB exists in QCD.

It is manifest in dressed propagators and

vertices

It predicts, amongst other things, that

light current-quarks become heavy

constituent-quarks

pseudoscalar mesons are unnaturally

light

pseudoscalar mesons couple unnaturally

strongly to light-quarks

pseudscalar mesons couple unnaturally

strongly to the lightest baryons

It impacts dramatically upon observables.
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radii and magnetic moments.

The rapid change arises from the pseudoscalar meson
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